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Simulations of the longitudinal instability in th80 GeV X 50 GeV muon collider ring have been
performed. Operation of the ring close to the slippage fagios= 10~%, such that synchrotron motion
is frozen, minimizes the need for rf to maintain the bunch length. However, there is still an energy
spread due to the bunch wake. For design parameters of the ring, this induced energy is too large and
must be controlled. This paper demonstrates that the bunch wake may be compensated for by two rf
cavities with low rf voltages. These studies were made at the nominal design point, and sensitivities to
errors were explored. It is seen that the small energy spread of the B&aff (= 3 X 107°) in the
50 GeV X 50 GeV muon collider ring can be maintained during the 1000 turn lifetime of the muons.
Controlled beam dynamics requires proper choice of rf parameters (rf voltage, rf frequency, and phase
offset) for two cavities; these parameters depend on the ring design through the impedance, beam pipe
radius, and momentum compaction. The simulation also shows that the computation of wake field using
bins of variable width (each with a constant number of macropatrticles in each bin) gives an accurate
wake and also yields reduced computing time compared to an evaluation of the wake as the direct sum
over the wakes of all preceding macroparticles. [S1098-4402(99)00042-7]

PACS numbers: 29.27.Bd

I. INTRODUCTION In this paper, we present a means of controlling the

In earlier papers [1-3], the longitudinal d namicsIongitudinal dynamics in the 50 GeV muon collider ring.
pap X g y That is, to limit rf, one operates the ring close to the

In m'uon.colllder fings was studied ngme.rlcally with 2 transition ¢71 = 107°) such that the synchrotron motion
multiparticle tracking code. The longitudinal force on.

. . e |f5 frozen in the storage time, and uses two rf cavities to
the muons in the ring was modeled as consisting o

two components, one from an rf cavity and the Othercompensate for the ring impedance arising from beam and

from the wake field generated by the interaction betwee (ing structures. In this way, the wake voltage resulting
; L . .~ from the intense bunch is canceled out by the two rf
the beam and discontinuities of components in the ring, : . i
) . voltages. Since the beam intensity decreases due to the
The wake was approximated by a broadband impedance s
uon decay, rf voltages must also vary in time.

and muon decay was included. =Several single bunch! The utility of the simulation depends on the ability to

collective effects in  TeV X 2 TeV muon collider ring lcul ficientl ke with )
were examined. calculate a su |C|err1]ty agcurlate wal ée WIL out excesswe
This paper presents investigations of the longitudina omplutalltlon.h we kave Implemente ah Inning sc emle
dynamics in a50 GeV X 50 GeV muon collider ring o calculate the wake. various approaches to accurately
The critical desian parameters of 8 GeV X 50 GeV. describe wake fields have been implemented in several
: an p : . . simulations [5,6]. In the simulation for a 2 TeV muon
muon collider ring, from the viewpoint of collective li : it h " hof
effects, are (i) the bunch has a large charge — collider ring, wit a characteristic bunch frequency
4 X 1012), (ii) the bunch length is longd. = 13 cm) (c/(lez 100 GHz) hlghgr than the resonant frequengy
¥ . (gjlsed in the broadband impedance model, the wake field

compared to the pipe radius (a few centimeters), an : . .
(iii) the beam energy spread is very smafts(— 3 X Wwas obtained by using & wake function evaluated for

1079), as is the slippage facton( = —107%). The muon
has a lifetime,7, = 1.1 ms at 50 GeV, corresponding _ TABLE |. Parameters of the 50 GeV muon collider ring.
to 1000 turns in the ring with a circumferen¢€) of

J Wit Beam energy ;) 50 GeV
300 m [4]. The need to minimize rf voltage leadsitp=" Muons per bunchx) 4 X 102
—107¢ and a synchrotron oscillation period much longercircumference €) 300 m
than the storage time. These parameters are summarizeeergy spreadds) 3 X107
in Table I. The small slippage over the storage time lead8unch length &) 13 cm
to dynamics similar to that in a linac. The large bunchSlippage factors+;, 7,, 73) m = —1X107°% 5, <3,
charge induces, through the wake field, an undesirable 73 = 1000

eam pipe radiushpipe) 3cm
evolution period Tj) 1 us

head-to-tail energy spread. Maintaining an intense beag
ynchrotron tunex(;) 5.1 X 107°

with a low energy spread provides a challenge to the rin
design.
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1000 macroparticles [1-3]. This method is impractical This paper is organized as follows: In Sec. Il the com-

(requiring too many macroparticles) for the 50 GeV muonputation of the wake field model and macroparticle equa-

collider ring, where, in contrast to the 2 TeV design,tions are derived. An example in which the bunch wake

the characteristic bunch frequency is much less than this compensated for by one and two rf cavities is presented

resonant wake frequency. in Sec. lll. Section IV is devoted to sensitivity studies.
In the present code, the wake is calculated by summing discussion and our conclusions are given in Sec. V.

the wakes from bins of variable bin width in front of

e o ! THE COMEUTATION OF THE WAKE FIELD

' o . AND MACROPARTICLE EQUATIONS

wake, and found that it gives the desired accuracy and a

substantial reduction in computing time when compared The wake generated by a beam interacting with discon-

to the wake calculation using unbinned macroparticlestinuities of components in the ring is approximated by a

Using these technigues, we demonstrate stable longitudinefoadband impedance with quality factor of the order of

beam dynamics for the required design parameters of anity. The longitudinal wake functioi¥;(z) for a broad-

muon collider Higgs factory. | band impedance is given by [7]
0, if z >0,
Wi(z) = { aR;, ) ) if z=0, (1)
2aR; explaz/c)(cos= + =sin=), if z <0,

wherea = wg/20, @ = Jwi — a?, Q = R,\/C/L is | the wake felt by a macroparticle in théh bin is

the quality factor,wg = 1/LC is the resonant fre- approximated first by calculating the sum of the averaged
quency, andR, is the shunt impedance. For the broad-Wake_S from macroparticl_es in each preceding bin [the first
band model,0 = 1 and wg = ¢/b, where b is the term in the right-hand side of Eq. (3)], and then adding
vacuum pipe radius. The more common impedancéhe individual wakes from the preceding macroparticles

Zy/ny, = 2mwb/C)R,. HereC is the ring circumference N the same bin [second term in the right-hand side of
andn;, is the harmonic number. Eqg. (3)], and finally adding the wake generated by the

In the earlier simulations [1—3], the wake field(z;) macroparticle itself [third term in the right-hand side
at theith macroparticle on any turm was calculated as a of Eq. (3)],

sum of 8 wake functionsw{(z(n)), Nyrg SOZ5®
Nyrg 4S5 W) = =37 2 MW = 2(0)
W) = =30 3 Wiin) = 25(0) S
Afbro j, - % Z Wo(zi(n) — z;(n))
=y WO, @ SO
Npro -,
where N, is the number of particles in a bunch, - N,y W(0), (3)

is the number of macroparticlesy = Ey/m,c?, and
ro = e*/m,c?. The second term in Eq. (2) is the wake whereN; is the number of macroparticles in tlith bin.
generated by the macropatrticle itself. In trying to obtain Calculation using Eq. (3) is more efficient than using
an accurate wake field by use of Eq. (2), beams wittEq. (2). We used 2035 bins for 44 768 macroparticles
long bunch length require many macropatrticles. Since then the simulation. The wake field that was thereby
number of operations to evaluate Eq. (2) is proportional tmbtained showed good agreement with analytical results.
N,z,, this method is less desirable with long bunches. The number of bins and macroparticles must be properly
To reduce the computing time, we applied the follow-chosen, as they depend on ring parameters such as the
ing method for wake calculations: First, longitudinal po- bunch length and the radius of the beam pipe. The initial
sitions of the macroparticles are binned with a constankongitudinal coordinates of macroparticles are chosen to
number of particles in each bin. This results in bins ofhave a Gaussian distribution.
variable bin width. The position of each bin is given Macroparticles are tracked in phase space with equa-
by the average position of the macroparticles inside théions of motion which include kicks by two rf cavities,
bin. The wake from macroparticles in preceding bins isa longitudinal wake kick, and a drift that depends on
calculated as arising from a single macroparticle (withthe momentum compaction. Each macroparticléas
properly enhanced charge) located at that bin positiorposition and energy coordinates;,(6;) and is tracked
Second, the interaction between macroparticles existinfpr 1000 turns. The longitudinal difference equations
in the same bin is included asfunction wakes. Thatis, for the ith macroparticle at revolution number is
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TABLE Il. rf cavity parameters for wake compensation. 1 Ex1 0_4
.Sx
One cavity Two cavities
rf frequency( fy;) 570 MHz 823 and 399 MHz
Harmonic number 570 823 and 399
rf voltage (Vy¢) 14.1 kV 4.26 and 12.12 kV
Phase offsete) 3.55 rad 3.755 and 3.415 rad

derived from its coordinates on turn— 1 by

8i(n) = 8i(n — 1) + Ki(n — 1) + W(zi(n)), (4)

-4
-1.5x10
-40

zi(n) = zi(n — 1) + (m8 + 8> + 738°)C.  (5)

Here, z is the longitudinal coordinate with respect to

the bunch center§ = 6P/P is the relative momentum 3x1 64
error of the particlen;, n,2, n3 are the linear and higher

order momentum compaction parameters, @hds the
circumference of the ring. The rf impuldé¢(n — 1) (a

negative quantity) due to the two rf voltages is given by

v _To(';*l) 6 0
Ki(n — 1) = £ rﬂ;o Siﬂ(wéfl zi t ¢1)
— Tol=D)
YT ‘
+ evﬂ; sin( W2 o+ ¢2). \ \
C -
° -3x10 C . L
(6) -40 -20 0 20 40

The rf voltages V.r1 and Vi), rf frequencies ;g

FIG. 1. The longitudinal beam phase space at (a) turn 1 and
and wir2), and rf phase offsets¢q and ¢,) are chosen {b) turn 1000 when the rf voliages are not applied. The

to compensate for the bunch wake. An example Oheam distribution after 1000 turns is distorted by the bunch
rf parameters that compensate the wake, for the ringake. The initial energy spread was, = 1 X 1073, 5, =

parameters of Table I, are shown in Table Il. The—1 x 107¢, V;;; = Vi, = 0, and|Z| = 0.1 Q.
factor ¢ 70 =D/77.] in the rf voltages is introduced to "

compensate the decreasing beam intensity due to muon
decay. HereT is the revolution period. compensated, but, after 1000 turns, the tail particles gain

or lose energy from the large rf kick at the longitudinal
positions where the bunch wake becomes small. This can
be understood from examination of Fig. 2(c), where the rf
voltage [curve (1)], bunch wake voltage [curve (2)], and

The synchrotron oscillations are almost frozen duringthe resulting total voltage [curve (3)] are plotted after one
the storage time by the small choice fgr. The bunch turn. A similar plot, Fig. 2(d), shows the same curves
wake, when uncompensated, causes serious beam enegfier 1000 turns. The amplitude of the wakes are smaller
spread. With two modest rf voltages, the energy spreadince the muons have decayed and the rf voltage has been
can be avoided through compensation of the bunch wakeorrespondingly reduced. The rf parameters are given in
The ring parameters are those of Table I. Table II, column 2.

Figures 1(a) and 1(b) show the beam phase space afterFigures 3(a) and 3(b) show the beam phase space after
one turn and 1000 turns in the case that voltages are ndtturn and 1000 turns when botfy;; # 0 and V¢, # 0.
applied to the two rf cavitiess; = Vi, = 0). Itisseen The beam distribution after 1000 turns is not distorted
that the phase space after 1000 turns is distorted by thegy the sum of the rf voltages and the bunch wake and
bunch wake. the beam distribution remain intact. Figure 3(c) shows

Figures 2(a) and 2(b) show the beam phase space aftére cancellation of the wake by the rf voltages. The rf
1 turn and 1000 turns in the case thBf, # 0 has parameters are given in Table Il, column 3. We note that
been chosen to minimize the induced energy spread arttie bunch wake in th80 GeV X 50 GeV muon collider
Virz = 0. The wake in the center of the bunch has beerring can be compensated by very low rf voltages.

Numerical example of the compensation of the
bunch wake
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(b)

1.5x16"

25x10"

Z(cm)

Y () (1

& (3)

Voltage(kV)
o
Voltage(kV)
o

-15 . . . -15 . . . . . .
-40 -20 0 20 40 -40 -20 0 20 40
Z{cm) Z(cm)

FIG. 2. The longitudinal beam phase space at (a) turn 1 and (b) turn 1000/witks 14.1 kV and Vs, = 0. (c) (turn 1) and
(d) (turn 1000) show the voltages of the rf [curve (1)], the bunch wake [curve (2)], and total voltage across the bunch [curve (3)].
The bunch wake is partly compensated for by the rf voltage, but the tails of the bunch are distorted by the rf. The difference

between (c) and (g) is a consequence of the decay of the muons and the rf voltage. The parametgrs- dre< 1077,

m o= =1 X 1075 [ = 0.1 Q, Vi = 141 kV, Vi = 0, firy = 570 MHz, and ¢, = 3.55 rad.

n,

1.5x10"

1.5x10"

4 -4
-1.5x10 -
~40 1.5x1 940
(c)
15
- (2) (1)
<
< (3)
> 0
s
)
>
-15 . , . . X .
-40 -20 0 20 40
Z(cm)

FIG. 3. The longitudinal beam phase space after 1 turn (a) and 1000 turns (b) when two rf voltages are applied. (c) shows
voltages due to the two rf cavities [curve (1)], the bunch wake [curve (2)], and the net voltage [curve (3)] after 1000 turns. The
bunch wake is well compensated by the two rf cavities, With = 4.26 kV, V., = 12.12 kV, ¢, = 3.755 rad, ¢, = 3.415 rad,

fir1 = 823 MHz, andfiy» = 399 MHz. o5 =3 X 1073, n; = —1 X 1076, andlf—L‘I =0.1Q.
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While this cancellation is good, the choice of rf Figures 6(a) and 6(b) show the beam distributions after
parameters is affected by bunch length, bunch intensityl 000 turns for radii of the beam pip&)(of 3 and 1.76 cm,
beam pipe radius, and shunt impedance. Thus, one needsspectively. The resonant frequency of the broadband

to consider sensitivity to ring parameters. impedance isw, = ¢/b, and the shunt impedance is
then159 Q) and270 Q for b = 3 cm andb = 1.76 cm,
DYNAMICS The voltages of the two rf cavities in Figs. 6(a) and 6(b)

In this section, we study the sensitivity of our solution @€ varied corresponding to the magnituderof
to variations in critical ring parameters.

B. Dependence of longitudinal dynamics orrs and
N1, M2, M3

Figures 4(a)-4(d) show the beam phase space after Figure 7 shows the beam phase space after 1000 turns
1000 turns with beam current varying from its designfor several values ofy, and os. o5 denotes initial
value by —10%, —5%, +5%, and +10%, respectively. energy spread. Here, only one rf voltage is used to
The rf parameters are fixed, as given in Table Il, col-compensate for bunch wake. The rf parameters are given
umn 3. The energy spread has increased roughly 8% fqp Table 11, column 2. In Figure 7(a)gs = 0.001
Figs. 4(a) and 4(d), and 2% for Figs. 4(b) and 4(c). andn; = —1 X 1076 and the distribution is essentially

Figures 5(a)-5(d) show the beam phase space aftghchanged over 1000 turns. Figure 7(b) corresponds to

\ L
1000 turns for variations of the impedand:é%l =010, o05=23X107andn, = —1 X 107°. This distribution
shows tails which are distorted by the large rf voltage

Il
A. Sensitivity to beam current and |Z—:|

n

Il

05 Q, 0.7 Q, and1 Q, respectively. Hereli—zl is re- [Fig. 2(b)]
lated to the shunt impedance &s = |21|% = |Z|55;. In the calculations for previous figures, and for Fig. 7,
Voltages in the” rf cavities are varied proportionally to thewe have hadnp, = 53 = 0, and the equation of motion
magnitude oif—jjl. The potential well distortion due to the [from Eqgs. (4)-(6)],

Il
bunch wake increases Witlﬁfl and becomes quite notice-
able atl Q. 7= m8(s), (7

1.5x107

1.5x16"

-1.5x10" -1.5x10"
~40 ~40

—20 0 20 40
Z(cm)

1.5x10" 1.5%10"

|

skl M A R

-40 -20 0 20 40 -40 -20 0 20 40
Z(cm) Z(cm)

FIG. 4. The sensitivity of the longitudinal beam phase space to the variations of the bunch current. The number of particles in a
bunch is varied from the design value by10%, —5%, +5%, and+10% in (a)—(d), respectively. Two rf voltages are held fixed

at the values used in Fig. 3, in (a)—(d). In additien, =3 X 1075, 5; = —1 X 1075, andlf—,"l =0.10Q.
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1.5x10" 1.5x10"

-1.5x10"
~40

1.5x10"

. -4
~40 20 0 20 a0 X0 0 20 40

Z(ecm) Z(cm)

FIG. 5. The sensitivity of the longitudinal beam phase space to the varlatldﬁélofIZOI in (@)—(d) are 0.1, |(|)5 0.7, andQ,

respectively, andrs = 3 X 107 andn, = —1 X 107°. The voltages in the rf cavities are scaled linearly vilrztﬁhl to compensate
for the bunch wake. The effects of imperfect cancellation become more apparent at the higher |mpedances

_ Iyl ) slippage dominates the motion and leads to streaming
5'(s) = eVin(z)e "+ eVip(z)e in z motion, as is seen in Fig. 7(c). Figure 7(d) shows
CE the beam phase space in the caseogf= 3 X 1073
Ny ro and n; = —1 X 1072. In the case of largen;, and
5 C [ Wo(z — 2)p(z')dz', (8) small energy spread, the dynamics is significantly more
P

complicated, as shown in Fig. 7(d). The resultant phase
s space afterl0® turns is summarized as a function of
wherez’ = ds, 6’ = ;. ands is the distance traveled in (7, os) in Fig. 7(e).

the ring. Figures 8(a)—8(d) show results for parameters identical
Figure 7(c) shows the beam phase space with=  to those of Figs. 7(a)—7(d), with the exception that the
0.001 andn; = —1 X 1072, Whené'(s) integrated over rf now has two cavities, as given in Table Il, column 3.

10° turns is small compared ters, the motion of a Clearly, the two-voltage compensation reduces the phase
particle is determined by the magnitudewpf. The large space distortions of the beam for the parameters of

(a) (b)

1.5x10" 1.5x10"

3
3

e o%,
[I8%¢
.

4 |
0 151045 0 40
Z(cm) Z(cm)

-1.5x10"
4

FIG. 6. The longitudinal beam phase space for two values of the beam pipe radius 3.0 cm in (a) and 1.76 cm in (b). The
resulting resonant frequenay, of the broadband impedance in (a) and (b) is 10 and 16.9 GHz, respectlvely With ap(s)ropnate
adjustment of the two rf cavities, the compensation scheme is seen to work. In both figgres3 X 107°, ; = —1 X 10

andli—:ll = 0.1 Q.
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0.004 25x10"

-25x10°
T R T — -40

0.004 " ‘ " Tt 0.005

-0.004f _#
-1500

0 1500 ‘-3‘01 I 0 ’ ‘3VOI50
Z({cm) Z(cm)

log, &y (e)
-1

2 No Change in Streaming in Z

beam distribution

Beam tails

(b)

% 3 5
log o my1

FIG. 7. The longitudinal phase space after 1000 turns for different values @nd n,. One rf voltage is used to compensate

for the bunch wake (given by Table I, column 2). In (a)s = 0.001 and »; = —1 X 1075, (b) o5 = 3 X 107>, and
nm=—1X10"%, (c) o5 =0.001 andn; = —1 X 1072, (d) 05 =3 X 1073, andp; = —1 X 1072, (e) gives a summary

of the beam dynamics irs and n; parameter space. This parameter space shows the parameter when one rf voltage is used to

compensate for bunch wake. In each figd%ﬁj =0.1 Q.

Figs. 7(a), 7(b), and 7(d). The motion in Figs. 7(c) anddescribed roughly by Eq. (9) with the energies taken as
8(c) is dominated by slippage, and the rf does not affectheir initial values. We see this in Fig. 9 where the energy
the dynamics. In summary, two rf cavities can be used t@pread of the macroparticles is basically unchanged. The
remove the beam tail of the (b) region of Fig. 7(e) and thenonlinearity of the streaming is noticeable in Fig. 9(c)

energy spread of the (d) region of Fig. 7(e). where, for particles withny, > 7,/6(s), the streaming
Figure 9 shows the beam phase space after 1000 turmlirection is independent of the sign of, but depends
with variation of 5, and fixed n; = —1 X 107 and  quadratically on its magnitude and on the signef The

n3; = 0. Other parameters are as in Table | and Tabléehavior of the phase space parameterizedyppnd o s
II, column 3. Now, thez’ equation includes a nonlinear is summarized in Fig. 9(d).
term Figure 10 shows the beam phase space after 1000 turns
) with variation of n; and fixed n;, = —1 X 107® and
¢ [+ m8(5)]a(s). ) n, = 0. Other parameters are as in Table | and Table I,

With two rf cavities used to compensate the bunchcolumn 3. The energy evolution is small due to good
wake, the energy does not show significant change afté&fompensation, and the position evolves according to

1000 turns and the motion is a nonlinear streaming 2 = + 136%(5)]6(s), (20)
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0.004 1.5x10"

d O & o

-0.004 e
-40 -40

0.004 1.5x16"
0

5 d 0

-0.004 _ )
-1so0 o0 1spo 10

Z(cm)

FIG. 8. The longitudinal phase space after 1000 turns for different values aihd n;, with, in contrast to Figs. 7(a)—7(d), two

rf cavities used to compensate the bunch wake. The rf corresponds to Table I, column 3. The situation is improved when two
rf cavities are used, as shown in (a), (b), and (d). The valuess;oénd n; in (a)—(d) correspond to their respective values in

Figs. 7(a)-7(d). The motion in Figs. 7(c) and 8(c) is dominated by slippage, and the rf does not affect the dynamics. In each

figure,lf—:'l =0.1Q.

4 ~
1.5x10 1.5x10

-1.5x10 -1.5x16"
-40
log, o, (d)
-2
-3 .
Beam Deformation
-4
-5
: No Beam Deformation
=5 I -6
S 3 [ ) SR S '
-60 -40 -20 0 20 40 -3 0 3
Z(cm) 1991021

FIG. 9. The longitudinal phase space after 1000 turns forptay 3, (b) n, = 50, and (c)n, = 100. Two cavities are used
to compensate for bunch wake. (d) shows beam dynamics iwrthand n; parameter space. The right upper parameter space
shows the beam streaming of positive or negativdirection, depending on the sign ef,. Here,n; = —1 X 107%, n; = 0,

os =3 X 1075, and|%| =0.1Q.
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0.004 = 0.004[ =,

-0.004;

|
-0.004 }
-40 100 0 100
Z{cm)
(c)
0.004[ 7=y | log, o5 (d)
-2
‘ Beam Deformation
-3
o 0
-4
No Beam Deformation
|
i -5
-0.004 | “'\"'o
L | . . N 6
-200 0 200 B t t t
Z(cm) 0 1 2 3

log 15im3!

FIG. 10. The longitudinal phase space after 1000 turns fom¢ay 10, (b) n; = 50, and (c)n; = 100. Two cavities are used
to compensate for bunch wakers =3 X 1073, 5; = —1 X 107%, 5, = 0, andlf—gl = 0.1 Q. (d) shows beam dynamics in the
o5 andn; parameter space. The right upper parameter space shows the beam streaming in the positive ot rtigsttiioe.

where the energy can be taken roughly to be fixed akengthened. It was also shown thef, n,, and 53 each
its initial value. The nonlinear coefficieny; becomes show different characteristic behaviors. The sensitivity of
important whenns; > 7,/8%(s). For positive 3, the the compensation scheme to variations in ring parameters
particles with negativé move to the positive direction was examined.
and the particles with positivé move to the negative
dlrectlon'. Th_e parameter space for varypgandos is ACKNOWLEDGMENT
summarized in Fig. 10(d).
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dynamics. Longitudinal motion with compensation of the [6] D. Brandt, CERN Report No. CERN/ISR-TH/82-09, 1982.
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